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1. [Maximum mark: 25]
@ () f(-3)=0, f(-1)=-1 f(1)=0, f(3)=1 f(5)=0

The above working is not necessary. It can be reasoned that since the range of f is [—1, 1] then the
range of the composite function uo f =u( f (x)) will be [-1-3,1-3]=[-4,-2].

(i) uovof :u(v(f (x)))
Since v(x)=2x, then the range of vo f :v(f (x)) is [2(—1), 2(1)]:[—2, 2]
Thus, the range of uovo f will be [-2—3,2-3]=[-5, 1]

(i) fovou=f(v(u(x)))

Since the domain of f is [-3, 5] then the range of vou =v(u(x)) must be [-3, 5]
v(u(x))=v(x-3)=2(x-3)=2x-6

2Xx-6=-3 = x:g and 2x-6=5 = x:1—21

Thus, the largest possible domain for f ovou is E 1—21}

(b) (i) fis nota one-to-one function. Hence, its inverse will not be a function.

Also, accept reasoning that since a horizontal line crosses the graph of f at more than one point then
the graph of the inverse which is a reflection of f about the y-axis will have a vertical line crossing at
more than one point indicating that one value in the domain (x) produces more than one value in the
range (y). Hence, inverse of f is not a function.

(i) The domain of f needs to be restricted so that g is a one-to-one function. By inspecting the graph
of f, it can be deduced that the largest possible domain of g is [—1, 3].
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. 2X—5 2X—5
h = =
(© (i) h(x) = o d
Switch domain and range, and solve for y:
X:2yy_d5 = xy+dx=2y-5 = xy-2y=-dx-5 = y(x-2)=-dx-5
+
Thus, h‘l(x)z_dx_5
X—2
. o 2x-5 —dx-5 _
(i) h(x)=h7(x) = o d - x> ; Thus, d =-2
(i) (hok)(x)zh(k(x))z2kk(xx))__25=X2:(l — 2x-k(x)—4x = 2x-k(x) ~5x-+2-k (x) -5
2-k(x)=x+5 = k( ):%5
ax+b ax+b
d = =
(@) () cx+d cx+d
x—aerb = coxy+dx=ay+b = cxy—ay=—dx+b = y(cx—a)=—dx+b

cy+d

_—dx+b = ri(x)= —dx+b

CX—a CX—a

ax+b —dx+b
cx+d cx-a

In order for r(x)=r"(x) then it must be that

Therefore, a function r in the form r(x) = ax+: is self-inverse if a=—d
CX+
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2. [Maximum mark: 30]

(@ k=0: curve y=xe* and line y =0 (x-axis)
intersection: xe*=0 = x=0or e =0
e*>0, xeR, therefore y=xe* and y =0 intersect only one when x=0 and y =0 (at the origin)

(b) k=1: lineis y=x
find equation of line tangent to y = xe* at (0, 0)

y:xeuex; at (0, 0): ﬂ=0+e° =1
dx dx

equation of tangent lineis y—0=1-(x-0) = y=x  Q.E.D.

() (i) xe*=kx = x(ex—k):o = Xx=0or x=Ink

Ink exists when k > 0; however, when k =1, Xx=In1=0 and there are not two distinct points of intersection
Therefore, there are two distinct points of intersection when k >0, k #1

(i) xe*=kx = x(e"~k)=0 = x=0or x=Ink
when x=0, y=0; when x=Ink, y=KklInk
coordinates of points of intersection are (0, 0) and (Ink, kInk)

Ink
(d) (i) area of A:L (kx—xe* ) dx (Ink, knk)

(i) k=e*: areaof A= Ign(ez)(ezx—xex)dx

2 2
area of Az.[ ezxdx—j xe* dx .
0 0 region A

ext ] 2, k>1 N
= —J xe* dx
2 0
0 Ink>0
Find _[xex dx by integration by parts:
u=X = du=dx; dv=e*dx = v=¢* .
_[xex dx=xex—'|.eX dx : (0. 0) g
X X y =xe
=xe"—e
y=hkx

2
area of A= {ezzxz l —[XeX —exlz)
=[ 2¢? —0]—[(2e2 —ez)—(O—l)]
=2e* -2’ +e* -1
Thus, when k =e?, area of A=e*—-1
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(iii) k=¢e", neR"

area of A= J.:(en)(e”x— xex)dx
:{enzxz —(xeX —ex)}

n2
:(?e”—ne”+e”]—(0—0+l)

n

0

2

Thus, when k =e", neR*, areaof A=¢" (n?—n+1]—1 Q.E.D.
) (i) y=xe*& = y:xex+exzex(x+l) = ﬂ:o at x=-1
dx dx

y(-1)=—e"= 1 ; therefore, coordinates of P are (—1, —EJ
e e

gradient of line =k R
AV
(i) k:l; area of enclosed region =IO (lx—xexjdx
e -1e
1,2 0
- & X —(xe*—e") E
2 . :
=(0—0+1)—(i+£+1j=1—(i+£+£j 1 P(—l,—lj
2e e e 2e 2e 2e y=—x e

area =1— >
2e

=y

(f) since 0<k <1, then Ink <0 and x =Ink is lower limit of integration
0 X
area of szlnk(kx—xe )dx

B:[gx2 —(xe” —ex)}

0
:0—O+e°—(g(ln k)’ —Ink(e'”")+e'"kj

Ink
=1—g(lnk)2—klnk+k

=l—;[(ln k)" ~2Ink+2]

=1—g[(ln k)" —2Ink+1+1] [(Ink=1)" =(Ink)" ~2Ink-+1]

B=1—;[(Ink—1)2+l}; k>0 and (Ink—1)2+1>0,therefore g[(lnk—l)2+1}>0

K :
Thus, B=1—E[(|nk—1) +1]<1 QED,
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